Abstract. A typical result in this note is that if X is a Banach space which is a weak Asplund space and has the ω * -ω-Kadets Klee property, then X is already an Asplund space.
Raja strengthened this by showing that X * has a dual LUR renorming (which implies automatically the K * property and also that X is an Asplund space) if and only if it has a K * renorming if and only if it has a wK * renorming [R1], [R2] . It is therefore natural to ask whether the formally weaker sequential versions of these properties lead to some positive result. The problem whether the existence of a KK * renorming of X * implies that X is an Asplund space has apparently been posed by Godefroy, and it seems to be open. In our note we are going to address the still weaker property wKK * of X * . It follows that for every renorming of a given Grothendieck space X, its dual X * has the wKK * . Hence the property may not imply that X is Asplund, in general (e.g. ℓ ∞ ).
1.1. Preliminaries. We denote by X, Y , Z and E real Banach spaces. The closed unit ball and the unit sphere of X are denoted by B X and S X , respectively. For suitable background information on general Banach space theory and notations we refer to [FHHMZ] .
We say that a subspace Y ⊂ X is coseparable in X if X/Y is separable (see [T] for discussion). Following [F] we call X a Gateaux differentiability space (GDS), if each continuous convex function on X is Gateaux differentiable in a dense set. If the sets in the previous definition are additionally G δ -sets, then X is a weak Asplund space. A Banach space X has the Grothendieck property if in the dual X * the w * -convergent and w-convergent sequences coincide. Recall that a Banach space has the 1-separable complementation property (1-SCP), if for each separable subspace Y ⊂ X there exists a separable subspace Z ⊂ X such that Y ⊂ Z and Z is contractively complemented in X. If A ⊂ X is a subset, then we denote by [A] the closed linear span of A. The duality mapping J : S X → 2 S X * is given by
Results
Theorem 2.1. Let X be a Banach space which can be renormed in such a way that X * satisfies both the wKK * and one of the following conditions:
The coseparable subspaces of X are preserved in countable intersections. (iii) X has 1-SCP. (iv) B X * is w * -countably compact (e.g. X is a Gateaux differentiability space or weak Asplund). Then X is an Asplund space.
Observe that wKK * property of X * is clearly weaker than KK * property and the Grothendieck property. Since there exists non-Asplund Grothendieck spaces, e.g. L ∞ , we conclude that the assumptions (i)-(iv) cannot be plainly removed in the theorem. Shortly we will discuss the conditions (i) and (ii). The first condition is of course much weaker than imposing J to be single-valued, i.e. X to be Gateaux smooth. Recall that WLD, Plichko and certain other classes of Banach spaces have 1-SCP, see [HMVZ, p.105] .
Then there exists a subsequence
First we will comment on the assumptions regarding J(x) in the w * -topology, which is subsequently termed as K. If J(x) is norm-separable, then it is in particular hereditarily Lindelöf in the w * -topology. The same is true if K is metrizable. Recall that a compact hereditarily Lindelöf space is first-countable (see e.g. [BG, p.473] ).
The following condition is also useful: there exists a sequence (x n ) ⊂ X ⊂ X * * such that the sequence
that is, the sequence (x n ) separates [J(x)]. This condition, or the first-countability of K imply, in particular, that there exists a sequence (x n ) ⊂ X such that for any y * ∈ K, y * = x * , there is n such that (y * −x * )(x n ) = 0. Observe that this condition in turn implies the topological assumption of Proposition 2.2.
for n ∈ IN . Indeed, K is compact Hausdorff space, thus normal, hence completely regular, and so we may separate U n w * and x * by a continuous function
We define a subsequence of (x * n ) by a diagonal argument as follows. First, we remove from the sequence the functionals included in V 1 . From the resulting sequence, say s 1 , we remove the functionals included in V 2 , starting from the index third in order. Next, from the previously obtained sequence s 2 we pick a new sequence s 3 by removing the functionals included in V 3 starting from the fourth index. We proceed in this manner. Observe that s n includes the n first elements of s n−1 . Therefore s n converges coordinate-wise to a sequence s, which is a subsequence of (x * n ). Here (x n ) ⊃ s 1 ⊃ s 2 ⊃ . . . ⊃ s. Let us denote this resulting sequence s by (x * n k ). By the construction x * n k (x) → 1 as k → ∞. Assume to the contrary that x * n k does not w * -converge to x * . Thus there is a point y ∈ X and a further subsequence (n kj ) j such that (x * − x * n k j )(y) → c = 0 as j → ∞. By the w * -compactness of B X * we get that there is z * ∈ J(x), z * = x * , such that z * is a w * -cluster point of (x * n k j ) j . Then, according to the assumptions there is i 0 ∈ IN such that z * ∈Ũ i0 . By reviewing the construction of s 2i0 we observe the impossibility of z * being a w * -cluster point of s 2i0 . This contradiction finishes the proof.
⊓ ⊔ Proposition 2.3. Let X be a Banach space which can be renormed to be both GDS and 1-SCP. Then the coseparable subspaces of X are preserved in taking countable intersections.
Proof. Let X satisfy the assumption about the renorming. Since the conclusion of the result obviously does not depend on equivalent renormings, we may restrict our attention to a given 1-SCP Gateaux differentiability space X. Let (Z n ) be a sequence of coseparable subspaces of X. We denote by q n : X → X/Z n the canonical quotient mappings. By applying the fact that X/Z n are separable and the GDS property we may choose subsets {z
Indeed, the last condition is obtained by applying a back-and-forth recursion of countable length. From (b) and (d) we obtain that B Z ⊥ n ⊂ conv
According to 1-SCP there exists a separable subspace E ⊂ X with {z (n) k : n, k ∈ IN } ⊂ E and a norm-1 linear projection P : X → E.
According to the Gateaux smoothness of the points z
we have that
since the functionals are norm attaining at the corresponding points. Thus ker P ⊂ n,k ker f
where ker P is clearly a coseparable subspace. On the other hand, 
Towards this, fix a norm-attaining functional y * ∈ S Y * . Let y ∈ S Y be such that y * (y) = 1. By using w * -compactness and w * -metrizability of the dual unit ball we obtain that there exists a subsequence (y * n k ) k∈I N ⊂ {y * n : n ∈ IN } which w * -converges to y * , since the countable set was chosen to be w * -dense. Our aim is to find a further subsequence of (n k ), indexed by m, and a sequence (z * m ) m∈I N ⊂ S X * and z * ∈ S X * , which are Hahn-Banach extensions of (y * n km ) m∈I N and y * , respectively, such that z * m w * −→ z * in X * as m → ∞. Namely, in such a case we obtain by the assumptions that z * m w −→ z * and then Mazur's theorem yields that z * ∈ conv(z * m : m ∈ IN ). This means that y * ∈ conv(y * n km : m ∈ IN ), and since y * was an arbitrary norm-attaining functional, we obtain by the Bishop-Phelps theorem that conv(y * n : n ∈ IN ) = B Y * . Fix Hahn-Banach extensions (x * k ) and x * = x * 0 of (y * n k ) and y * , respectively. Observe that x * k (y) → 1 = x * 0 (y) as k → ∞. To finnish the proof by finding the appropriate subsequence (n km ) m and Hahn-Banach extensions, we proceed in parallel steps regarding the assumptions (i)-(iv). Assumption (i): The set J(y) is w * -first-countable. Proposition 2.2 and the discussion following yield that there is a subsequence (k m ) and z * ∈ J(y) ⊂ S X * such that x * km w * −→ z * as m → ∞. Note that z * is a Hahn-Banach extension of y * , since by the selection of (x
where the unit ball is w * -compact and w * -metrizable. Thus we may extract a w * -converging subsequence (x * km ). Let z * = w * -lim m→∞ x * km . We put z * m = x * km for m. By the selection of the sequence (n km ) it is again clear that z * ∈ S X * is a Hahn-Banach extension of y * ∈ S Y * . Assumption (iii): X has 1-SCP. Let P : X → E be a norm-1 projection where E ⊂ X is a separable subspace containing Y . Similarly as in the previous step, we observe that {x *
The dual unit ball B X * is w * -sequentially compact. This is the case, for instance, if X is GDS (see [F, Thm. 2.1.2] ). Thus there is a subsequence (k m ) ⊂ IN and z * ∈ S X * such that z * (y) = 1 and w
Finally, we will apply Theorem 2.1 to give a new, rather simple proof for the Josefson-Nissenzweig Theorem in a subclass of Banach spaces.
Proposition 2.4. Let X be an infinite-dimensional Banach space which is not an Asplund space and satisfies one of the conditions (i)-(iv) in Theorem 2.1. Then there is a sequence (z * k ) ⊂ S X * such that w * -lim k→∞ z * k = 0 and 0 / ∈ conv(z * k ). Proof. Let Y ⊂ X be a separable subspace with non-separable dual. Thus Y is not Asplund but B Y * is w * -metrizable. By using Theorem 2.1 and its proof we conclude that there exists a sequence (y * n ) ⊂ S Y * and y * ∈ S Y * such that y * n w * −→ y * as n → ∞ but y * / ∈ conv(y * n ). By proceeding similarly as in the proof of Theorem 2.1 we may find a subsequence (n k ) and Hahn-Banach extensions x * n k and x * of y * n k and y * , respectively, such that x * n k
for k. This is a w * -null sequence. Observe that 0 / ∈ conv(u * k ) since y * / ∈ conv(y * n ). By the geometric Hahn-Banach theorem there is a separating functional f ∈ X * * such that, say, f (u * k ) > 1 for k. We define the required sequence by z * k = u * k / u * k where u * k ≤ 2 for all k ∈ IN . Observe that f (z * k ) > 1/2 for k ∈ N , so that 0 / ∈ conv(z * k ). ⊓ ⊔ 2.1. Final remarks. Regarding the abovementioned problem of Godefroy, the example [Fe] of countably tight compact K without any convergent sequence provides a possible direction for searching a counterexample C(K) space.
Problem 2.5. Find examples with KK failing K, resp. wKK * failing K * . Consider the long James space J(Γ). Does it have the K * ?
Another related subject is the following weakenning of the well-known problem whether every dual to a separable space without a copy of ℓ 1 is LUR renormable (see e.g. [HMO] ). Problem 2.6. Let X be separable ℓ 1 ֒→ X. Does X * admit a KK renorming?
